We consider the problem when lens spaces are given from homology spheres, and demonstrate that many lens spaces are obtained from L-space homology sphere which the correction term d(Y ) is equal to 2. We show an inequality of slope and genus when Y is L-space and Y p (K) is lens space.
Introduction
In the present paper we define lens space L(p, q) to be the p/q-Dehn surgery of unknot, where p, q are coprime integers. Note that this orientation is opposite to usual one. Let K ⊂ S 3 be a knot whose Dehn surgery is homeomorphic to a lens space. Then we call that K admits lens surgery on S 3 or simply lens surgery. The main problems of lens surgery involve when a lens space is obtained from Dehn surgery of a classical knot or when a knot K admits lens surgery.
The Alexander polynomial ∆ K (t) of classical knot K is useful for lens surgery problem. For example for a certain knot K yielding a lens space if ∆ K (t) is trivial, then K is unknot, since the degree of Alexander polynomial coincides with the genus of K. If ∆ K (t) is t − 1 + t −1 , then K is the trefoil knot in [3] . Although it is unknown whether the uniqueness holds otherwise, it seems that Alexander polynomial is an effective invariant for lens surgery. As showed in [17] , the doubly primitive knots which yields L(p, q) can be distinguished by the Alexander polynomials.
Many people have been done research on condition for lens surgery. In [1] J. Berge has defined doubly primitive knots, each of which is a classical knot yielding lens space. Conversely he conjectured that these knots are all knots admitting lens surgery. He had fallen the doubly primitive knots into several types. But unfortunately the classification is not sure whether it is complete. If the uniqueness above holds, then his conjecture is solved.
P. Ozsváth and Z. Szabó have proven the constraints of Alexander polynomial ∆ K (t) of knots yielding lens space by using Heegaard Floer homology. The formula in Section 10.3 or Theorem 7.2 in [8] represents the relationship between correction term and Alexander polynomial. This formula is due to the surgery exact triangle among S 3 , S On the other hand P. Ozsváth and Z. Szabó have shown that for positive integers k not divisible by 4, L(2k(3 + 8k), 2k + 1) cannot be obtained from Dehn surgery of S 3 , but can be obtained from Dehn surgery of a Brieskorn homology sphere and moreover the lens space is obtained from 2-component link. The detailed proof is in [8] .
We would like to consider when a lens space can be obtained from a Dehn surgery of a knot in a homology sphere. This issue seems to be worth considering but it does not seem that such studies about Dehn surgery of homology spheres have been developed remarkably. This present paper attends to Dehn surgeries of L-space homology spheres, which is defined as the manifolds whose Heegaard Floer homology is isomorphic to that of S 3 . The Heegaard Floer theoretic arguments of Dehn surgery of L-space homology sphere are the same as S 3 up to the absolute grading. They lead to the three results: the surgery formula between the correction term and the Alexander polynomial (Equation (4)) , the constraint of Alexander polynomial of lens surgery knot (Lemma 3.1), and the lower bound of the slope by the genus of the knot. The lower bound is 2g
Here we state an upper bounds, where it generalizes the main theorem in [12] . The notation d(Y ) is the correction term of Y , whose definition is in [8] . 
We will prove the proof in Section 2. By using the lower and upper bounds, we can understand that as d(Y ) is more increasing, g(K) must also become more increasing. Note that lens spaces coming from L-space homology spheres are not empty other than S The author proved this conjecture in the case where Y is Poincaré homology sphere with reverse orientation, nemely d(Y ) = −2, (see [15] ).
In Section 4 we illustrate many lens spaces are obtained from L-space homology sphere with d(Y ) = 2. In practice some of lens spaces are constructed from Poincaré homology sphere Σ(2, 3, 5) along knots whose dual knots are 1-bridge knots in the lens spaces. We put a table of such lens spaces up to p ≤ 2007 in the last of the Section. The L-space homology sphere with d(Y ) = 2 gives several infinite sequences of lens spaces except fewer examples. In particular from Poincaré homology sphere infinite many lens spaces can be constructed by Dehn surgeries.
The author does not know whether there exist lens spaces which are given rise to from both S 3 and Σ (2, 3, 5) . Assume that exists such a lens space L(p, q), the two
respectively. Then p is odd and the genus of K ′ is p+1 2 . Moreover the Alexander polynomial of the two knots must have the following relation
2 ), by using Equations (4) as explained later on.
The exact triangle and the Alexander polynomial
From this section on, we denote Y as an L-space homology sphere. If a positive p-Dehn surgery Y p (K) along knot K is a lens space, then we have the short exact sequences for any 0 = i ∈ Z/pZ,
and for i = 0,
From this exact sequences for any i the following formula is induced as in [8] :
where Q(i) = hi + c, h is the homology class of the dual knot
by the result in [16] . The each integer
Here we use the identifications Spin
By taking the summation of Equation (4) over i ∈ Z/pZ. we obtain
where the Alexander polynomial is normalized and symmetrized and Casson-Walker invariant λ is computed by the Rustamov's formula in [13] : 
For any class i ∈ Z/pZ the reduced coefficientã i (K) of the Alexander polynomial of knot K is defined as j≡i mod p a j (K). When L(p, q) = Y p (K),ã j (K) is computed as follows: 
for some increasing sequence of positive integers 0 < n 1 < n 2 < · · · < n k .
The proofs of these lemmas' are immedieately derived from an application to [9] and [10] . Note that the property of Lemma 3.2 is also preserved for the reduced polynomial
From this assumption Y − K is irreducible and from the main theorem in [18] and Lemma 3.2, K is a fiber knot. This leads to the result of Lemma 3.1.
For the proof of Theorem 1.2 we use the following proposition in [12] . Note that λ is multiplied by −1/2 for the Casson-Walker invariant in [12] and the definition of orientations of lens spaces is the opposite to the one in [12] .
Proposition 3.1 (Proposition 2.4.[12]) Suppose that L is a lens space with |H 1 (L)| = p, and that
Proof of Theorem 1.2) From the Frøyshov's inequality in [12] and Equation (5),
We assume that
Then we have g(K)(g(K) 
. As a whole, the case of L(p, q) = Y p (K) classifies the following.
• S 3 p (trivial knot) = L(p, 1) and h = 1.
•
In case of
, analogous computation ofã i and Lemma 3.1, 3.2 classifies the follows.
Each of the cases does not satisfy Inequality (7). Therefore Inequality (1) is proven.
A table of several lens surgeries over Y with d(Y ) = 2
In this section and the subsequent section Y is an L-space homology sphere with d(Y ) = 2 for example Y is Σ(2, 3, 5). Since lens surgery by K with 2g(K) − 1 = p includes the ones admitting lens surgery on S 3 we restrict our attention to lens surgery with 2g(K)−1 < p. We may be able to construct a lens space form both integral Dehn surgeries of S 3 and Σ(2, 3, 5) but ignore such a lens space here. The homology class of the dual knot , q) ), where curve l is a core loop of a handlebody of genus one Heegaard splitting. The set of classes H(p, K) := {±h ± } ⊂ Z/pZ is an invariant of the lens surgery which is independent of choices of two handlebodies of the Heegaard decomposition and the orientation and we always consider any element in this set as the integers reduced to {1, 2, · · · , p}.
Any datum (p, q, h, g) in Table 1 , and 2 represent lens space L(p, q) and the minimal representative h in H(p, K) that the coefficient (6) satisfies Lemma 3.2, and t i (K) is all non-negative, and g is max{i ∈ {0, 1, · · · ,
We say that K is 0-bridge knot if K is isotopic to a knot which lies on Heegaard surface of genus one Heegaard splitting, and 1-bridge knot if the knot is non-0-bridge knot and is the union of two arcs embedded in the meridian disks of both handlebodies of genus one Heegaard splitting of the lens space. This definition is based on [1] . From any triplicity (p, q, h) we can uniquely find 0-bridge knot or 1-bridge knot having the datum. Table 1 and 2 are constructed by p-Dehn surgery of knots in Σ (2, 3, 5) . Moreover the dual knots are 1-bridge knots in L(p, q).
Before the proof of this theorem we prove the following lemma. Table 1 , 2 satisfy one of the list below for some ℓ ∈ Z\{0}.
Lemma 4.1 Lens spaces in
Proof ) It is only necessary to prove that data (p, q, h) given rise to by the 20 lists cover Table 1 , 2 by direct computation. The computation of genus of K is due to Lemma 3.1.
Proof of Theorem 4.1) From each datum (p, q, h) in Lemma 4.1 we take the 1- 
by [17] , where δ h : Z/pZ → {0, 1} is define to be δ h (k) = 1 when k = 1, · · · , or h mod p, and δ h (k) = 0 otherwise. By deformating this group presentation directly we can easily give an isomorphism π 1 (Y ) ∼ = x, y|(xy) 2 = x 3 = y 5 . The right hand side is the same as the fundamental group of Σ (2, 3, 5) . Due to the celebrated resolution of Poincaré conjecture by G. Perelman in [11] , Y is homeomorphic to Σ(2, 3, 5).
The author would like to classify lens spaces obtained from Poincaré homology sphere. But the author could not control type n) in Lemma 4.1. If you go on calculating more, then a new sequence may be discovered.
We here illustrate two figures, which are Figure 1 and 2. Any point of Figure 1 represents a lens surgery over Σ (2, 3, 5) with the slope p ≤ 2007. The point (h, p) means that there exists a knot such that L(p, q) = Σ(2, 3, 5) p (K) and h is the minimal in the set H(p, K) defined in Section 4. Figure 2 represents hyperbolic lens surgeries over S 3 which are plotted in the order of slope from the smallest up to the same cardinarity as plots in Figure 1 . The horizontal and vertical axes mean the same as Figure 1 . Compared with Figure 1 and 2 it follows that the existence of lens surgeries over Σ (2, 3, 5) are localized near four quadratic functions. The right two of the them correspond to f), f'), g) and g'). To draw Figure 1 , we referred to the last table of the article [1] . Here we give a rough conjecture on the basis of 
